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Nonlinear Yaw–Pitch–Roll Coupling of Unguided
Missiles with Wraparound Fins

Ömer Tanrõ kulu,¤ Cenk Önen,† and Taner Gökhan‡

TÜB ÇITAK-SAGE, Defense Industries Research and Development Institute, 06261 Ankara, Turkey

Almost all of the research on � ight dynamicsof unguided missiles with wraparound � ns is based on linear system
models. This is in sharp contrast with the research on � ight dynamicsof planar � nned unguided missiles, which has
focused mostlyon nonlinearproblems since the 1950s.A general � fth-order nonlinearautonomousdynamicsystem
model is developed for unguided missiles with four wraparound � ns. Aerodynamiccharacteristics of a basic planar
� nner and a basic wraparound � nner are obtained by using a panel code, Missile DATCOM empirical database,
and published experimental data. Effects of nonlinear aerodynamic terms on location and stability of equilibrium
points of a basic planar � nner and a basic wraparound � nner are investigated. It is shown that wraparound and
planar � nned unguided missiles have different aerodynamic and � ight dynamic characteristics.

Nomenclature
aD = quadratic drag force coef� cient
aF , bF = cubic transverse static force coef� cients
at , bt = cubic transverse static moment coef� cients
a 1 = freestream speed of sound, m/s
CD = drag force coef� cient
CD0 = drag force coef� cient for d =0
CF = CY + iCZ

Cl , Cm , Cn = aerodynamic moment coef� cients
Clp = roll damping moment stability derivative,

[@Cl / @( p k / 2vC )]
Cl0 = induced roll moment coef� cient
Cl d f = roll moment stability derivative with

respect to � n cant
CM0 =

p
(C 2

m0
+ C2

n0
)

Cmq , Cmr = transverse damping moment stability derivatives
Cm0 , Cn0 = asymmetry moment coef� cients
Cm a , Cm b

= transverse static moment stability derivatives
Cm a p , Cm b p = Magnus moment stability derivatives
Cm Ça , Cm Çb

= transverse lag moment stability derivatives
Cm d 2 c

= transverse induced moment coef� cient
Ct = Cm + iCn

CX , CY , CZ = aerodynamic force coef� cients
CY0 , CZ0 = asymmetry force coef� cients
CZq , CZr = transverse damping force stability derivatives
CZ a , CZ b = static force stability derivatives
CZ a p , CZ b p = Magnus force stability derivatives
CZ Ça , CZ Çb

= transverse lag force stability derivatives
CZ d 2 c

= transverse induced force coef� cient
c =

p
[ ¡ M0 / (1 ¡ r )]

cF , dF = cubic transversedamping force coef� cients
ct , dt = cubic transversedamping moment coef� cients
Dm = missile diameter, m
eF , fF = cubic Magnus force coef� cients
et , ft = cubic Magnus moment coef� cients
Fb = body-� xed reference frame
g2 + ig3 = transverse components of gravitational

acceleration vector, m/s2
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Ia , It = axial and transverse moments of inertia, kg m2

ka , kt = nondimensional axial and transverse radii
of gyration

M 1 = freestream Mach number
m = mass, kg
p, q, r = rotational velocity components, rad/s
rC = nondimensional transverse distance of center

of mass from geometrical center
of missile cross section

Sm = reference area, ( p / 4) k 2, m2

s = nondimensionaldistance variable,

s =
1
k

t

t0

vC dt

t = time, s
u, v , w = translational velocity components,m/s
u(b)

1, 2,3 = unit vectors of Fb

vC = speed of missile,
p

(u2 + v2 + w 2), m/s
xcm = center of mass location from missile nose tip, m
a = w / vC

b = v /vC

d f = � n cant angle
f = n / d TR = d sei c

k = reference length, missile diameter, Dm , m
l = (q k / 2vC ) + i (r k / 2vC ) = e ei g

n = b + i a = d ei c

q 1 = freestream density, kg/m3

r = Ia / It

s = nondimensionaldistance variable; Eq. (48)
u M = tan ¡ 1(Cn0 / Cm0 )
w , h , u = Euler yaw, pitch, roll angles

Superscripts

( I ) = imaginary component
(R) = real component
T = matrix transpose
¤ = multiplication with q 1 Sm k / 2m
! = division by c
¡ = complex conjugate
¢ = differentiationwith respect to t or s

Introduction

F LIGHT dynamics of unguided missiles with wraparound � ns
(WAF) is much more complicated when compared to that

of planar � nned (PF) con� gurations. This is due to the lack of
mirror symmetry of unguided missiles with WAF. Flight dynam-
icists have mostly used linear system models to examine WAF
con� gurations.1 ¡ 11 Very few researchers focused on nonlinear
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problems related to WAF.12,13 This is surprising considering the
intensityof post-World War II researchon nonlinear� ightdynamics
of unguidedmissileswith PF, which have both rotationaland mirror
symmetry. Lack of attention to nonlinear � ight dynamics of WAF
con� gurationsmay be attributedto dif� cultiesthathavebeenexperi-
enced even in determinationof aerodynamicdata for linear models.
Widelyused engineeringcodesforpredictionofmissileaerodynam-
ics such as Missile DATCOM do not have the capability for WAF
even though WAF has become a standard design feature of tube-
launched unguided missiles all over the world (2.75-in. Hydra-70,
5-in. Zuni, 9-in. MLRS, 160-mm RAYO, 300-mm Smerch, etc.).

One of the most important problems in nonlinear � ight dynam-
ics of unguided missiles with PF has been coupling between yaw,
pitch, and roll degrees of freedom due to nonlinear aerodynamic
properties and con� gurational asymmetries. Such coupling can
causesustainedtransverseresonantoscillationswith largeamplitude
(lock-in), which sometimes end with a severe dynamic instability
(catastrophic yaw).14 ¡ 35 The aim of this study is development of a
nonlinear � ight dynamics model for con� gurations with four WAF
that can be used to analyze lock-in and catastrophicyaw problems.
A generalnonlinearaerodynamicsmodel for unguidedmissileswith
WAF is obtained by using the well-known Maple–Synge analysis
(see Ref. 36). In derivation of � ight dynamics equations of motion,
previousresearch33 ¡ 35 onyaw–pitch–roll couplingof unguidedmis-
siles with PF is followed. Attention is focused on equilibrium be-
havior, and locationof equilibriumpoints is determinedgraphically
for simple cases and iterativelyfor more complicatedones.Stability
of equilibrium points is determined by using linearization.Aerody-
namic and � ight dynamiccharacteristicsof a basic planar � nner and
a basic wraparound� nner are examined for � ight at a Mach number
of M 1 = 3.0.

Maple–Synge Analysis
One of the main problems in analyzing dynamics of a � ying

vehicle is mathematical modeling of the relationshipbetween aero-
dynamic forces and moments that act on the vehicle and on transla-
tional and rotational velocities of the vehicle. Aerodynamic model-
ing is relatively simple in the case of unguided missiles that almost
always have a large level of geometrical symmetry with respect
to their longitudinal axes. In Fig. 1, cross-sectional views of two
unguided missiles are shown. The missile with four PF (con� gu-
ration A) has four-gonal rotational symmetry and four planes of
mirror symmetry, and it is known as the cruciform con� guration.
The missile with four WAF (con� guration B) also has four-gonal
rotational symmetry, but it lacks mirror symmetry. Maple–Synge
analysis is an elegantmathematical tool that simpli� es aerodynamic
modeling of unguided missiles by using rotational and mirror sym-
metry properties.36 Nondimensional transverse and axial force and
moment coef� cients are assumed to have the following form in
Maple–Synge analysis:

C(F,t , X ,l) =
i jkl

( f, t, x , l)i j kl n
i ¯n j l k ¯l l (1)

where fi jkl , ti j kl , xi jkl , and li jkl are complex functions of u / vC and
p k / 2vC . InCF , Ct , CX and Cl expansions,there is potentially1 term
for D =0, 4 terms for D =1, 10 terms for D =2, and 20 terms for
D =3, where D = i + j + k + l. Maple–Synge analysis shows that
only12and5 outof 35 of these termsare admissiblefor (CF , Ct ) and

Con� guration A Con� guration B

Fig. 1 Rotational and mirror symmetry.

(CX , Cl ), respectively,for a con� gurationwith four-gonalrotational
symmetry.AdmissibleCF expansionincludingand up to terms with
D =3 is as follows for both con� gurations A and B:

CF = f1000 n + f0010 l + f0003 ¯l 3 + f0102 ¯n ¯l 2 + f0201 ¯n 2 ¯l

+ f0300 ¯n 3 + f2001 n
2 ¯l + f2100 n

2 ¯n + f1011 n l ¯l

+ f1110 n ¯n l + f0021 l 2 ¯l + f0120 ¯n l 2 (2)

Admissible Ct expansion has the same structure as the earlier CF

expansion.AdmissibleCX expansionincludingand up to terms with
D =3 is as follows for both con� gurations A and B:

CX = x0000 + x0011 l ¯l + x1001 n ¯l + x0110 ¯n l + x1100 n ¯n (3)

Admissible Cl expansion has the same structure as the earlier CX

expansion. Note that there are no even admissible terms (D =0,
2, 4, . . .) for CF and Ct , whereas there are no odd admissible terms
(D =1, 3, 5, . . .) for CX and Cl in case of four-gonal rotational
symmetry.

In conventional � ight dynamics analysis, the terms of CF and
Ct expansionswith the following indices have been neglected even
though they are admissible: 0003, 0102, 0201, 2001, 1011, 0021,
and 0120. Moreover, dependenceof the remaining fi jkl and ti jkl on
p k / 2vC is neglected except in the case of f1000 and t1000, which are
mostly assumed to be linear functions of p k /2vC . Hence, CF and
Ct expansions can be written as

CF = CZ a 1 + aF d 2 n + iCZ b 1 + bF d 2 n + CZr 1 + cF d 2 l

+ iCZq 1 + dF d 2 l + CZ a p 1 + eF d 2 ( p k /2vC ) n

+ iCZ b p 1 + fF d 2 ( p k / 2vC ) n + C (R)
Z

d 2 c
+ iC ( I )

Z
d 2 c

d 2e ¡ i 4 c n

(4)

Ct = ¡ iCm a 1 + at d
2 n + Cm b 1 + bt d

2 n ¡ iCmr 1 + ct d
2 l

+ Cmq 1 + dt d
2 l ¡ iCm a p 1 + et d

2 ( p k / 2vC ) n

+ Cm b p 1 + ft d
2 ( p k / 2vC ) n + C (R)

m d 2 c
+ iC ( I )

m d 2 c
d 2e ¡ i 4c n

(5)

Equation (4) will be simpli� ed by neglectingthe terms that are char-
acterized by CZ b , CZr , CZq , CZ a p , and CZ b p because previous expe-
rience shows that they drop out from the analysis during derivation
of aeroballisticequationsof motion through multiplicationwith the
density factor q 1 Sm k /2m (Ref. 37). The literatureon aerodynamics
and � ight dynamics of unguided missiles with WAF show that the
moment associated with Cm b is much smaller than the one associ-
ated with Cm a . The same relationship can be assumed to exist be-
tween the moments characterizedby (Cmr , Cm a p ) and (Cmq , Cm b p ),
respectively. Because the moments characterized by (Cmq , Cm b p )
are already small, the ones associated with (Cmr , Cm a p ) will be ne-
glected.The aerodynamicmemory effect will be taken into account
by adding the ¡ iCm Ça ( Çn k /2vC ) term into the Ct expansion. CZ Çb

,
CZ Ça , and Cm Çb

will be neglected based on arguments that are similar
to the ones presented earlier. Note that superscript overdot denotes
differentiation with respect to t in CZ Çb

, CZ Ça , Cm Çb
, and Cm Ça . Slight

con� gurational asymmetries will be modeled by adding bias terms
CY0 + iCZ0 and Cm0 + iCn0 to CF and Ct expansions, respectively.
Hence, the � nal form of the transverse aerodynamics model for an
unguidedmissile with four-gonalrotational symmetryonly (con� g-
uration B) becomes
CF = CY0 + iCZ0 + CZ a 1 + aF d 2 n

+ C (R)
Z d 2 c

+ iC ( I )
Z d 2 c

d 2e ¡ i 4 c n (6)

Ct = Cm0 + iCn0 ¡ iCm a 1 + at d
2 n + Cm b 1 + bt d

2 n

+ Cmq 1 + dt d
2 l + Cm b p 1 + ft d

2 ( p k / 2vC ) n

¡ iCm Ça ( Çn k / 2vC ) + C (R)
m d 2 c

+ iC ( I )
m d 2 c

d 2e ¡ i 4 c n (7)
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Fig. 2 Center of mass
offset.

In Eqs. (6) and (7), all coef� cients and stabilityderivativesare func-
tions of u / vC .

In conventional� ight dynamics analysis, the terms of CX expan-
sion with the following indices have been neglected even though
they are admissible: 0011, 1001, and 0110. Moreover, dependence
of the remaining xi jkl on p k / 2vC is neglected. Hence, CD which is
approximatelyequal to the negativeof CX for relativelysmall d , can
be written as

CD = CD0 1 + aD d 2 (8)

In conventional � ight dynamics analysis, all nonlinear terms of
Cl expansion have been neglected:

Cl = Cl p ( p k / 2vC ) + Cl d f
d f (9)

In Eq. (9) both Cl p and Cl d f
will be assumed to be functions of

u /vC only. Roll aerodynamicswill be modi� ed by adding an asym-
metry moment due to CF acting through center of mass C , which is
laterallyoffsetfromgeometricalcenter O of themissilecrosssection
as shown in Fig. 2. Previous studies show that missiles with WAF
have a nonzero roll moment Cl0 even for d = 0. Cl0 is a complicated
function of n and M 1 . Hence, the � nal form of the Cl expansion
for an unguided missile with four-gonal rotational symmetry only
(con� guration B) can be derived as

Cl = Cl0 + Cl p ( p k /2vC ) + Cl d f
d f + (rC /2) iCZ a 1 + aF d 2

£ (n ¡ ¯n ) ¡ iC (R)
Z d 2 c

( n 3 ¡ ¯n 3) ¡ C ( I )
Z d 2 c

( n 3 + ¯n 3) (10)

Previous studies show that roll damping moment of an unguided
missile with WAF is roll direction dependent: Cl p+ for p > 0 and
Clp ¡ for p < 0. Magnusmoment of a WAF con� gurationis also very
likely to be roll directiondependent.It is relativelyeasy to determine
Clp+ and Cl p ¡ by using a panel code. On the other hand, accurate
Cm b p+ and Cm b p ¡ data can only be determined experimentally. In
this study roll direction dependence of both Cl p and Cm b p will be
neglected for simplicity.

Maple–Synge analysis can be used to determine the aerodynamic
model of con� guration A, which is much simpler compared to con-
� guration B due to the additional mirror symmetry:

CF = CY0
+ iCZ0

+ CZ a 1 + aF d 2 n + CZ d 2 c
d 2e ¡ i 4c n (11)

Ct = Cm0 + iCn0 ¡ iCm a 1 + at d
2 n + Cmq 1 + dt d

2 l

¡ iCm Ça ( Çn k / 2vC ) + Cm b p 1 + ft d
2 ( p k / 2vC ) n

+ iCm d 2 c
d 2e ¡ i 4c n (12)

Cl = Cl p ( p k /2vC ) + Cl d f
d f + i (rC / 2)CZ a 1 + aF d 2 ( n ¡ ¯n )

¡ i (rC / 2)CZ d 2 c
( n 3 ¡ ¯n 3) (13)

CD expansion for con� guration A will be the same as Eq. (8). Note
that CZ d 2 c

and Cm d 2 c
in Eqs. (11–13) are real coef� cients.

Equations of Motion
Scaled transverse and axial rotational equations of motion, re-

spectively, of a rigid, four-gonal unguided missile with WAF were
derived as follows for a short-duration segment of approximately
straight � ight with constant vC over a � at Earth:

¨f + H
_

0 + H
_

2s d
2
s + i (2 ¡ r ) Çu Çf + i ¨u + (1 ¡ r ) 1 ¡ Çu 2

+ i Çu h0 + h2s d
2
s f ¡ (1 ¡ r ) m2s d

2
s + i n0 + n2s d

2
s f

+ i (si Çu ¡ ri ) ¯f 3 = C Çu + (1 ¡ r )h0 exp[i ( u M ¡ p / 2)] (14)

¨u + K
_

p0
Çu + j p2 d

2
s

Çu = K
__

d + i j c 1 ( f ¡ ¯f ) + i j c 2 d
2
s ( f ¡ ¯f )

¡ i j c 3 ( f
3 ¡ ¯f 3) ¡ j c 4 ( f

3 + ¯f 3) (15)

Coef� cients of Eq. (14) can be obtained from the following:

H0 = ¡ 2C ¤
D0

¡ C ¤
Z a

¡
1

2k2
t

C ¤
mq

+ C ¤
m Ça

(16)

H2 = ¡ 2C ¤
D0

aD ¡ C ¤
Z a

aF ¡
1

2k2
t

C ¤
mq

dt (17)

M0 =
1

k2
t

C ¤
m a

(18)

M2 =
1

k2
t

C ¤
m a

at (19)

N0 =
1

k2
t

C ¤
m b

(20)

N2 =
1

k2
t

C ¤
m b

bt (21)

T0 =
1

2k2
a

C ¤
m b p

¡ C ¤
Z a

¡ C ¤
D0

(22)

T2 =
1

2k2
a

C ¤
m b p

ft ¡ C ¤
Z a

aF ¡ C ¤
D0

aD (23)

S = C ( R) ¤

Z d 2 c
+ iC ( I ) ¤

Z d 2 c
1 ¡ 4

kt

ka

2

(24)

R =
1

k2
t

C (R) ¤
m d 2 c

+ iC ( I ) ¤
m d 2 c

(25)

Q = 3 C (R) ¤

Z d 2 c
+ iC ( I ) ¤

Z d 2 c
(26)

H
_

2s = H
_

2 d
2
TR

(27)

h0 =
H
_

0 ¡ r T
_

0

1 ¡ r
(28)

h2s =
H

_

2 ¡ r T
_

2

1 ¡ r
d 2

TR
(29)

m2s =
M

__

2

1 ¡ r
d 2

TR
(30)

n0 =
N
__

0

1 ¡ r
(31)

n2s =
N
__

2

1 ¡ r
d 2

TR
(32)

si = ( r S
_

+ Q
_

) d 2
TR

(33)

ri = R
__

d 2
TR

(34)

C = ¡ i
r k

c d TR v2
C

(g2 + ig3) (35)
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Coef� cients of Eq. (15) can be obtained from the following:

K p0 = ¡ C ¤
D0

+ 1 2k2
a C ¤

l p
(36)

K p2 = ¡ C ¤
D0

aD (37)

Kd = 1 k2
a C ¤

l0
+ C ¤

l d f
d f (38)

K c 1 = rC 2k2
a C ¤

Z a
(39)

K c 2 = rC 2k2
a C ¤

Z a
aF (40)

K c 3 = rC 2k2
a C ( R) ¤

Z d 2 c
(41)

K c 4 = rC 2k2
a C ( I ) ¤

Z d 2 c
(42)

j p2 = K
_

p2 d
2
TR

(43)

j c 1 = K
__

c 1 d TR (44)

j c 2 = K
__

c 2 d 3
TR

(45)

j c 3 = K
__

c 3 d 3
TR

(46)

j c 4 = K
__

c 4 d 3
TR

(47)

InEqs. (14) and (15), theoverdotdenotesdifferentiationwith respect
to nondimensionaldistance variable s , which is de� ned as

s = cs = ¡ M0 / (1 ¡ r ) s (48)

Here d TR is amplitude of trim n at resonance when nonlinearity,
gravity, and Cm b are neglected:

d TR = d T0 h0 (49)

and d T0 is amplitude of trim n when nonlinearity, gravity, and Cm b

are neglected, and p = 0:

d T0 = CM0 Cm a
(50)

Equilibrium Points
Equationsof motion (14) and (15) can be expressed in state-space

form as follows:

Çx = f (x), x 2 R5, f : R5 ! R5 (51)

where

x1 = Çu (52)

x2 + i x3 = f (R) + i f ( I ) = ¯b + i ¯a (53)

x4 + i x5 = Çx2 + i Çx3 = Çf (R) + i Çf ( I ) = Ç¯b + i Ç¯a (54)

Equation (51) representsa � fth-orderautonomousdynamic system.
Equilibrium points of this system can be determined by solving

f(xeq) = 0 (55)

by using the Newton–Raphson algorithm:

xk + 1 = xk ¡ J(xk)
¡ 1f (xk ) (k = 0, 1, 2, . . .) (56)

The element of the Jacobian matrix J(x) at the i th row and the j th
column can be obtained as follows:

Ji j =
@fi

@x j

(57)

The stability of the system around a given equilibriumpoint xeq can
be determined by examining the time evolutionof a small perturba-
tion d x:

x = xeq + d x (58)

Çxeq + d Çx ¼ f (xeq) + J(xeq) d x (59)

d Çx ¼ J(xeq) d x (60)

Hence, eigenvalues of J(xeq) indicate stability of xeq.
If nonlinearity and gravity are neglected, then Eqs. (14) and (15)

can be simpli� ed as follows for steady-state conditions:

1 ¡ Çu 2
eq + ih0 Çu eq ¡ in0 f eq = h0 exp[i ( u M ¡ p / 2)] (61)

K
_

p0
Çu eq = K

__

d + i j c 1 ( f eq ¡ ¯f eq) (62)

The location of the equilibrium points for this particular case can
be easily determined graphically as described in previous publica-
tions.33 ¡ 35 These equilibriumpoints will be used as initial iterates in
determining equilibrium points of the more general cases by using
theNewton–Raphsonalgorithm.Note that roll directiondependence
ofCl p and Cm b p , which is neglectedin this study,canchangelocation
and stability of equilibrium points.

Case Study
The basic � nner is an unguided missile con� guration that is

widelyusedas a standardbenchmarkin � ightdynamics.In thisstudy
the basic � nner will be named basic planar � nner (BPF), whereas
the equivalent con� guration with WAF will be named basic wrap-
around � nner (BWAF). Schematics of BPF and BWAF are given in
Fig. 3. Referencedata that are used in this case studyare Dm = 0.02,
Sm =3.14 £ 10 ¡ 4 , a 1 = 344, and q 1 =1.225. The inertial data of
the basic � nner are m =0.15, Ia =8.3 £ 10 ¡ 6 , It =3.5 £ 10 ¡ 4 , and
xcm =0.122. These data are the same as the data of BPF models that
were used by Murphy37 in aeroballistic range tests.

CZ and Cm data of BPF were determined by using the three-
dimensional panel code of TÜB ÇITAK-SAGE (PANEL3D-A38,39 )
and the Missile DATCOM40 database for M 1 =3.0, ¡ 10 · a , b ·
+10 deg and p = q = r = Ça = Çb =0. CZ and Cm dataofBWAF were
determined by using PANEL3D-A for the same conditions. Panel
models of BPF and BWAF are shown in Figs. 4 and 5, respectively.
Topological graphs of Cm vs a and b for BPF (Missile DATCOM),
BPF (PANEL3D-A), and BWAF (PANEL3D-A) are presented in
Figs. 6, 7, and 8, respectively.

CD data of BPF was determined by using the Missile DATCOM
database for M 1 = 3.0, ¡ 10 · a , b ·+10 deg and p =q = r =
Ça = Çb =0. It will be assumed that CD data of BPF and BWAF are
approximately the same. The topologicalgraph of CD vs a and b is
presented in Fig. 9.

CZ a , aF, CZ b
, bF, C ( R)

Z d 2 c
, C ( I )

Z
d 2c

, Cm a , at , Cm b
, bt , C (R)

m d 2 c
, and C ( I )

m
d 2 c

data of both BPF and BWAF were determined by curve � tt-
ing Eqs. (4) and (5) to the correspondingCZ and Cm data. Similarly,
CD0 =0.31 and aD =0.69 were obtained for BPF (and BWAF) by
curve � tting Eq. (8) to the CD data. Sigma plot software was used

Fig. 3 BWAF and BPF con� gurations.
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Fig. 4 Panel model of BPF.

Fig. 5 Panel model of BWAF.

Fig. 6 BPF Cm (¯; ®) data for M 1 = 3.0; Missile DATCOM.

in all curve � tting calculations,which all had satisfactoryaccuracy.
Results of curve � tting are given in Tables 1 and 2 for stability
derivatives and coef� cients that are present in Eqs. (6–8).

The sum of damping and lag moment stability derivatives of
BPF was obtained from the Missile DATCOM database as Cmq +
Cm Ça = ¡ 117.0. The Magnus moment stability derivative of BPF
for M 1 = 3.0 was obtained from aeroballistic range test results of
Murphy37 as Cm b p = ¡ 8.0. It will be assumed that Cmq + Cm Ça and

Table 1 Aerodynamic force stability derivatives
and coef� cients for BPF and BWAF

Con� guration (code) CZ a aF C ( R)
Z d 2 c

C ( I )
Z d 2 c

BPF (Missile DATCOM) ¡ 8.40 6.10 0.60 0.00
BPF (PANEL3D-A) ¡ 7.98 ¡ 1.17 ¡ 3.10 0.00
BWAF (PANEL3D-A) ¡ 8.96 0.39 ¡ 3.15 ¡ 1.35

Table 2 Aerodynamic moment stability derivatives
and coef� cients for BPF and BWAF

Con� guration (code) Cm a at Cm b bt C (R)
m d 2 c

C ( I )
m d 2 c

BPF (Missile DATCOM) ¡ 3.70 ¡ 31.40 0.00 0.00 0.00 15.50
BPF (PANEL3D-A) ¡ 5.93 2.20 0.00 0.00 0.00 9.00
BWAF (PANEL3D-A) ¡ 9.34 ¡ 3.49 ¡ 0.32 98.65 ¡ 5.18 9.60

Fig. 7 BPF Cm(¯; ®) data for M1 = 3.0; PANEL3D-A.

Fig. 8 BWAF Cm (¯; ®) data for M 1 = 3.0; PANEL3D-A.
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Table 3 Coef� cients of axial rotational equation of motion for BPF and BWAF

Con� guration K
_

p0 j p2 K
__

d j c 1 j c 2 j c 3 j c 4

A 1.5 £ 10 ¡ 1 ¡ 3.3 £ 10 ¡ 5 3.1 £ 10 ¡ 1 1.9 £ 10 ¡ 1 ¡ 7.0 £ 10 ¡ 3 2.3 £ 10 ¡ 3 1.4 £ 10 ¡ 7

B 1.2 £ 10 ¡ 1 ¡ 2.6 £ 10 ¡ 5 2.4 £ 10 ¡ 1 1.4 £ 10 ¡ 1 1.6 £ 10 ¡ 3 1.5 £ 10 ¡ 3 6.4 £ 10 ¡ 4

Table 4 Coef� cients of transverse equation
of motion for BPF and BWAF

Coef� cient Con� guration A Con� guration B

H
_

0 8.7 £ 10 ¡ 2 7.3 £ 10 ¡ 2

H
_

2s ¡ 1.5 £ 10 ¡ 3 3.7 £ 10 ¡ 4

h0 9.1 £ 10 ¡ 2 7.6 £ 10 ¡ 2

h2s ¡ 1.5 £ 10 ¡ 3 3.7 £ 10 ¡ 4

m2s ¡ 6.8 £ 10 ¡ 2 1.1 £ 10 ¡ 1

n0 8.2 £ 10 ¡ 7 ¡ 3.5 £ 10 ¡ 2

n2s 5.7 £ 10 ¡ 6 ¡ 1.0 £ 10 ¡ 1

si
(R) 4.6 £ 10 ¡ 4 3.7 £ 10 ¡ 4

s( I )
i 2.8 £ 10 ¡ 8 1.6 £ 10 ¡ 4

ri
(R) 2.4 £ 10 ¡ 6 ¡ 1.7 £ 10 ¡ 2

r ( I )
i 4.6 £ 10 ¡ 2 3.1 £ 10 ¡ 2

Fig. 9 BPF CD(¯; ®) data for M1 = 3.0.

Cm b p characteristics of BPF and BWAF are approximately the
same. Cubic transverse damping and cubic Magnus moments will
be neglected, dt =0 and ft =0. The roll moment due to cant of
tail � ns coef� cient and the roll damping moment stability deriva-
tive of BPF for M 1 = 3.0 were obtainedfrom the MissileDATCOM
databaseas Cl d f

= 3.83 and Cl p = ¡ 8.24, respectively.Cl d f
and Clp

data of BWAF will be assumed to be the same as that
of BPF; induced roll moment will be neglected, Cl0 = 0.

Coef� cientsof axial rotationaland transverseequationsof motion
forBPF and BWAF are presentedin Tables3 and4.CZ a ,aF , CZ b , bF ,
C ( R)

Z d 2 c
, C ( I )

Z d 2 c
, Cm a , at , Cm b , bt , C (R)

m d 2 c
, and C ( I )

m d 2 c
data that were ob-

tained from PANEL3D-A were used to determinethese coef� cients
forbothBPF andBWAF. Cm0 =0.095and0.125forBPF andBWAF,
respectively, so that j d TR j ¼ 10 deg for both cases; d f =0.401 and
0.659 deg for BPF and BWAF, respectively, so that design roll rate
Çu ss ¼ K

__

d / K
_

p0 = 1.25 for both cases; and rC =0.04 and C = 0 + i0
for both BPF and BWAF.

Figures10 and 11 show locationof equilibriumpointsof BPF and
BWAF, respectively,for u M =0, . . . , 350 deg, when all coef� cients
of the equations of motion except H

_

0 , h0 , n0 , K
_

p0 , K
__

d , and j c 1 are
equal to zero.

Table 5 Location and stability of equilibrium
points of the � rst case of BPF

Points

Variable 1 2 3

Çu 0.7401 0.9954 1.4667
f (R) 0.0294 0.9945 0.0091
f ( I ) 0.1972 0.1005 ¡ 0.0781

Unstable Unstable Stable

Table 6 Location and stability of equilibrium
points of the second case of BPF

Points

Variable 1 2 3

Çu 0.7422 1.0698 1.4668
f (R) 0.0298 1.1489 0.0091
f ( I ) 0.1966 0.0800 ¡ 0.0782

Unstable Unstable Stable

Fig. 10 Location of equilibrium points of BPF.

In Tables 5 and 6 information about location and stability of
the equilibrium points of BPF is presented for two different cases
( u M = 180 deg): In the � rst case, coef� cients of the equations of
motion except H

_

0 , h0, K
_

p0 , K
__

d , and j c 1 were taken as zero; the
locationof equilibriumpointswas determinedby usingthegraphical
methodof Murphy.33 In the second case, coef� cientsof equationsof
motion except H

_

0 , H
_

2s , h0 , h2s , m2s , s( R)
i , r ( I )

i , K
_

p0, j p2, K
__

d , j c 1 , j c 2 ,
and j c 3 were taken as zero, and the location of equilibrium points
was determinediterativelyby using the Newton–Raphsonalgorithm
with an initial condition grid of 8000 equally spaced points in the
Çu =§5, ¯b =§10, and ¯a = §10 region.

In Tables 7 and 8 information about location and stability of
equilibrium points of BWAF is presented for two different cases
( u M = 180 deg): In the � rst case, coef� cientsof equationsof motion
except H

_

0, h0 , n0 , K
_

p0 , K
__

d , and j c 1 were takenas zero; the locationof
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Table 7 Location and stability of equilibrium
points of the � rst case of BWAF

Location

Variable 1 2 3

Çu 0.7922 0.9911 1.4188
f (R) 0.0492 0.6761 0.0105
f ( I ) 0.1928 0.1081 ¡ 0.0740

Unstable Unstable Stable

Table 8 Location and stability of equilibrium
points of the second case of BWAF

Location

Variable 1 2 3

Çu 0.7917 0.9740 1.4188
f (R) 0.0526 0.5348 0.0105
f ( I ) 0.1929 0.1155 ¡ 0.0740

Unstable Unstable Stable

Fig. 11 Location of equilibrium points of BWAF.

equilibrium points was determined graphically. In the second case,
all coef� cients of the equations of motion were present, and the
location of equilibrium points was determined iteratively by using
the Newton–Raphson algorithm and the same initial condition grid
that was used for BPF.

Note that both BPF and BWAF have three equilibrium points
for the � rst cases as indicated by Figs. 10 and 11. There can be
more equilibrium points for the second cases due to the additional
nonlinearaerodynamicsterms. A numberof such equilibriumpoints
were determined by using the Newton–Raphson algorithm, but in
all cases the magnitude of n at equilibrium exceeded 10 deg. These
equilibrium points will not be discussed because aerodynamicdata
used in this study are limited to ¡ 10 · a , b ·+10 deg.

A set of numerical experiments was performed in which the ef-
fects of various coef� cients on the response of BWAF were investi-
gated systematically.Equations of motion were solved by using the
fourth order Runge–Kutta utility of INSITE41 software with D s =
0.1. First, all coef� cients except H

_

0 , h0, K
_

p0 , K
__

d , n0 , and j c 1 were
takenas zero,and the responsewas determinedfor u M = 270degand
xT

0 = (0, 0, 0, 0, ¡ 1). Five more simulations were performed with
the same conditions in which more nonlinear terms were taken as
nonzero successively with the following order: second simulation,

Fig. 12 Variation of ÇÁ with ¿ of BWAF.

j p2 , H
_

2s , and h2s ; third simulation, j c 2 and m2s ; fourth simulation,
n2s ; � fth simulation, j c 3 , s(R)

i and ri
( I ); and sixth simulation, j c 4 ,

si
( I ) , and ri

( R) . Figure 12 shows variation of Çu with s for the third
simulation (stable design roll equilibrium) and the fourth simula-
tion (unstablenormal persistent resonance followed by catastrophic
yaw), respectively. Results of the � rst and the second simulations
were similar to the result of the third simulation. Results of the � fth
and the sixth simulations were similar to the result of the fourth
simulation.

Discussion of Results
Comparison of Figs. 6 and 7 as well as examination of Tables 1

and 2 show that Missile DATCOM and PANEL3D-A predictionsof
transverseaerodynamicsof BPF are not in goodagreement for large
values of n . Missile DATCOM predictsvariationof CZ and Cm with
n to be much more nonlinear when compared to PANEL3D-A.

The difference between PANEL3D-A Cm( b , a ) data of BPF and
BWAF as indicated by Figs. 7 and 8 is signi� cant. PANEL3D-A
predictsBWAF transverseaerodynamicsto be much more nonlinear
when compared to that of BPF.

In previous studies, (CZ a , Cm a ) characteristics of con� gurations
with WAF were reported to be almost the same as those of con� g-
urations with equivalent PF. Tables 1 and 2 show that differences
between PANEL3D-A predictions for BPF and BWAF are not neg-
ligible in terms of both (CZ a , Cm a ) and (aF , at ).

In previous studies on aerodynamicsand � ight dynamicsof WAF
con� gurations, j Cm b j was reported to be much smaller than j Cm a j .
Table 2 shows that a similar result was obtained in this study by
using PANEL3D-A. On the other hand, note the large magnitudeof
bt when compared to at in Table 2.

Tables1 and 2 show that in case ofBPF, PANEL3D-A andMissile
DATCOM predictionsfor C ( I )

Z
d 2 c

,Cm b , bt, and C ( R)
m d 2 c

were determined
to be negligible, as also indicated by Maple–Synge analysis.

Tables 1 and 2 show that PANEL3D-A predicts nonzero C ( I )
Z

d 2 c

and C (R)
md 2 c

for BWAF. Also note that j C (I )
Z

d 2 c
j and j C (R)

m d 2 c
j are not

small when compared to j C (R)
Z

d 2 c
j and j C (I )

m
d 2c

j , respectively. Tables 1
and 2 show that PANEL3D-A predicts larger j C (R)

Z d 2 c
j and j C ( I )

m
d 2 c

j
for BWAF when compared to BPF.

Table 5 shows that three equilibrium points were determined for
BPF when u M =180 deg and all nonlinear aerodynamics terms
were neglected. Only one of these equilibrium points with Çu =
1.4667 is stable. Table 6 shows that the locationof the unstablenor-
mal persistent resonance equilibrium point with Çu ¼ 1.0 changed
signi� cantly when nonlinear aerodynamics terms were also taken
into account.

Table 7 shows that three equilibrium points were determined
for BWAF when u M =180 deg and all nonlinear aerodynamics
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terms were neglected. Only one of these equilibrium points with
Çu =1.4188 is stable. Table 8 shows that the location of one of the
equilibrium points (an unstable normal persistent resonance with
Çu ¼ 1.0) changed signi� cantly when nonlinear aerodynamics terms
were also taken into account.

Figure 12 shows the signi� cant effect of cubic out-of-planemo-
ment characterizedby the coef� cient bt on the nature of response.In
case of unguided missiles with PF, induced transversemoment that
is characterizedby the coef� cientCm d 2 c

is the sourceof catastrophic
yaw behavior. On the other hand, cubic out-of-plane moment was
determinedto be the sourceof catastrophicyaw behaviorin the case
of BWAF.

Conclusions
Research on aerodynamics of missile con� gurations with WAF

has focused mainly on investigationof linear out-of-planemoment
Cm b , induced roll moment Cl0 , and roll direction dependence of
roll damping stability derivative Cl p§ . Flight dynamicists have per-
formed linear stability analysis of WAF con� gurations by consid-
ering Cm b to be the only out-of-plane effect due to lack of mirror
symmetry.Nonlineartransverseaerodynamics,nonlinearyaw–pitch
motions,andnonlinearcoupledyaw–pitch–rollmotionsofunguided
missiles with WAF have remained as untouched problems until
now.

In this study,a generalnonlinearaerodynamicsmodeland nonlin-
ear coupled axial and transverse equations of motion for unguided
missiles with four WAF are presented for the � rst time. The equa-
tions of motion can be used for a wide variety of analysis,synthesis,
and identi� cation work. It is shown that the difference between
transverse aerodynamics of unguided missiles with WAF and PF
is not minor especially at relatively large values of magnitude of
total angle of attack. Hence, it is not possible to perform accurate
� ight dynamics analysis of a WAF con� guration by treating it as
a minor linear deviation from its equivalent with PF. Cubic static
out-of-plane moment, which was never considered in modeling of
unguided missiles with WAF before, was determined to have sig-
ni� cant effects on response characteristics.

Aerodynamicdata used in this study were obtained from the Mis-
sile DATCOM empirical database, three-dimensional panel code
PANEL3D-A, and available results of aeroballistic range tests. Be-
cause Missile DATCOM does not have any capability for con� g-
urations with WAF, nonlinear transverse WAF aerodynamic data
had to be determined by using PANEL3D-A. On the other hand,
the accuracy of PANEL3D-A WAF data is questionable because
PANEL3D-A and Missile DATCOM predictionsfor a planar � nned
con� guration were shown to be signi� cantly different in the case
study section. Research on determination of WAF aerodynamics
data from aeroballisticrange test results is in progress. Research on
determination of WAF aerodynamics data by using advanced com-
putational � uid dynamics is in progress. Further research is recom-
mended to be carried out on roll directiondependenceof WAF aero-
dynamics, on variationof WAF drag force with total angle of attack,
and on periodic, quasi-periodic and aperiodic behavior of missile
con� gurations with WAF. Further research is recommended to be
carried out on nonlinear � ight dynamics of missile con� gurations
with three WAF (such as 2.75-in. Mk 66) because Maple–Synge
analysis shows that nonlinearity increases when the number of � ns
decreases.
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